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Abstract—The problem of finding local and volume averaged stresses in a two-dimensional het-
erogeneous solid is formulated in terms of fundamental point load solutions (Green's function)
leading to singular integral equations. The resulting equations are solved approximately using a
subdomain method in which closed form solutions for a rectangular subdomain are obtained and
utilized to find the full field solution. Previously. closed form solutions for a rectangular subvolume
had been found, but only for the case of an assumed constant strain. In the present paper the
solution is obtained for a quadratic form which includes nct only the usual constant term but also
linear and quadratic terms. The advantages of using the higher order solutions is illustrated by
finding the local field in a periodic composite with square fibers. The numerical solution takes less
than 90 CPU s on a workstation. The solution yields average properties independent of the reference
modulus as would be expected for an accurate solution of the singular integral equation and the
effective transverse modulus vs volume fraction is close to that from Christensen’s model developed
for round fibers. © 1998 Elsevier Science Ltd. All rights reserved.

Keywords: Composites; Singular integral equation; Green’s function; Eigenstrain; Contour
integral ; Subdomain.

1. INTRODUCTION

In the mechanics of heterogeneous materials there is an interest in computing the
volume averaged properties from the geometry and constituent properties and in computing
the local fields. Average stiffness properties are important in the design phase of a project
and local fields are important for understanding local failure and damage. A wide variety
of approaches have been used to obtain useful results, many of which are summarized in
the following references : Aboudi (1991); Accorsi and Nemat-Nasser (1986) ; Bahei-El-Din
et al. (1987); Christensen (1990) ; Mura (1987) ; Nemat-Nasser and Hori (1993) ; and Zhao
and Weng (1990).

In the present work the problem is approached using fundamental solutions and
singular integral equations (SIEs), i.e., via a Green’s function approach. The challenge is
in solving the singular integral equations for the geometries considered. For periodic
composites representative volume elements (RVE) are used. For various specific cases
previous researchers have obtained analytical solutions, Eshelby (1957), Mura (1987) or
used numerical methods in which the strain is treated as a constant inside subvolumes that
are square, Nemat-Nasser and Hori (1993), Walker ¢ al. (1989), or triangular Walker ef
al. (1993). In the present work rectangular subdomains are used. However, the strain was
represented as a quadratic polynomial. An analytical evaluation of the singular integrand
function for a rectangular subvolume is then obtained for quadratic polynomial strains.
This evaluation requires a special treatment of the singularity and the use of symbolic
manipulation software. In evaluating the integral equation a small region around the
singularity is treated using contour integration and that region is let shrink to zero. In the
remaining region the result is obtained in closed form and when the singular region is
shrunk to zero the integral in a Cauchy’s principal value sense is obtained. The strain within
each subdomain is expressed in terms of strains at selected collocation points so that a set
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of algebraic equations for the collocation point strains are readily obtained and solved.
Thus, a polynomial representation of local strains is obtained in terms of collocation
point strain values. Example results are computed for a layered composite by a quadratic
polynomial approach and a periodic composite with rectangular fibers by three polynomial
(quadratic, linear and constant) approaches. It is of interest to note that the effective
transverse modulus and the volume average strain energy are independent of the reference
material modulus choice, which is expected for accurate solutions. The results also compare
favorably with the results of others.

2. THE SIE APPROACH

The local strain field, £,(r), at any point r(x;, x,, x;)} in the representative volume element
(RVE) of an infinite, periodic fibrous lattice is determined, Walker ez al. [1993, eqn (3.8)],
by the singular integral equation:

&fr) = gj— Hj UiiAt =10 Ctun(X ) (1) AV (1)

+ Vi Jﬂdv(’) ”J Uiik(x =)0 Cln(X)E,n(r) AV () - (1)
v v

-

where ¢, are the strain tensor components applied to the infinite periodic lattice. V is the
whole material domain, and V, denotes the representative volume element (RVE). The
RVE is the smallest representative unit in a periodic composite or for random composites
a volume of sufficient size so as to yield averaged properties to the desired accuracy.
r'(x}, x5, x3) is the position vector representing the source point. The tensor components
OCpm(r’) are defined by the relation, §Cp (1) = Crpn(t’) — Chimy and give the component
deviation of the elastic stiffness tensor at any field point r(x,, x,, x;) from the homogeneous
reference tensor components, Cy,,.,. The second term in eqn (1) represents the strain per-
turbation brought about by inserting the prismatic cylindrical fibers into an infinite homo-
geneous medium with reference elasticity components Cy,,,, while the third term ensures
that the volume average of the local strain fields, ¢,(r), over the RVE, is equal to the applied
strain, ej).
In the preceding equation,

Uplr—1) = — l(

(2)

PGur—r)  Gur— r’))
2

0x,0x; + 0x; 0x;

are the fourth rank tensor components, which give the ij component of the strain at the
field point r(x,,x,,x3) due to the &/ component of a stress applied at the source point
r'(x}, x5, x3) in an infinite homogeneous medium with the reference stiffness tensor com-
ponents, Ci.,; Ga(r—1’) are the Green’s function components, shown in the Appendix for
the isotropic material.

If the integration domain V contains the field point, r(x;, x,, x;), 1.€., r(x;, X3, X3)
coincides with source point r'(x}, x5, x3), U Ar —r’) is singular. Thus, we have a governing
singular integral equation.

3. EVALUATION OF THE SIE

Experimental results by Dow er af. (1966) and finite element calculations by Ghosh
and Moorthy (1995) show that the local strain field over each phase, either matrix or fiber
phase, changes smoothly. We therefore approximate the strain field over each subdomain
by a quadratic polynomial, and assuming all values are independent of x, we have
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E(X1, X5) = o+ 11 X5 F 102X 3+ 13X+ 0aX) X5+ 05 XX 3+ 06X T+ 12X 155+ 17X 7x3, (3)

where 541 are nine constants.

The RVE is assumed to be divided into a total of p subdomains with V, (k = 1,2,..., p)
denoting the volume of the kth subdomain. Each subdomain is further assumed to contain
only one material phase. We now restrict our attention to the ath field point in subdomain
k, r,(x3, x5, x5) € V,, and evaluate this singular integration in eqn (1) in two steps as follows.
We first take a small prismatic cylinder Vg1 [x]—x1| < 4, [x; — x5 < §, —00 < x} < o0,
0 > 0, surrounding the singular point, r,(x,x%, x3) with its axis on the line x| = x{,
x5 = x3, x5 = =+ co. If the prismatic cylinder is then shrunk to zero, i.e.  — 0, the integral
can be evaluated in Cauchy’s principal value sense as follows :

JJ]‘ U[jkl(ra( - r/)écklmn(r/)gmn(r/) dV(l'/) = lim\’squurea(, ( J‘J\[\ Uijkl(ra( - r/)éck[mn(r’)'gmn(r,) dv(r/)

Ve v, v

square

+ Jﬂ Ui, = 10 Cogn(1 )2, (1) dV(f'))- )

square

(1) Inside the prismatic cylinder, V. guur.

As the prismatic cylinder shrinks to zero, both the strain and the material properties
over this small domain are constants due to continuity, and they can be taken as the values
at that field point r (x5, x%, x%).

Thus, we have the following:

JJJ Uijkl(rz - r/)é Cklmn(r/)gmn(r,) dV(l’l) = ij U{fkl(rz - l'/) dV(rl)5Ck1mn(ra)8mn(r1)' (5)

square square

The prismatic cylinder can contain a small enough circular cylinder V,:
(xX—x1)*+ (3 —x5)? =%, —oo < x5 < 00, 0 <& < 4, also with the line x| = x%, x} = x%,
x5 = 400, as its axis. Thus,

‘”‘J Ujdr,— 1)0C (x,) AV(r') = ij ng/(l'a — 1) ClT,) V()

square 3

+ J[f Uijkl(rz—r/)acklmn(ra) dv(r). (6)

squae” Ve

Now the first term on the r.h.s. of eqn (6) can be found by using Eshelby’s (1957) results as
follows :

j J J Ul =)0 Cip(r,) AV(E) = J ﬂ Uy, —E)COiClin 5ot V()
v, A\
= J\J‘J‘ Uljr.r(ra - r/)CE:kI dV(r/)C/(()h:z‘l 6Curmn(r1) = SijkIC/?/;;x‘] 5Cur'mn(r:vt)’ (7)
V.

where Sj, is the fourth-order Eshelby tensor.

Since the integrand function is continuous in the remaining domain, V.. —V,, and
all values are independent of x, the second term on the r.h.s. of eqn (6) can be reduced to
a two-dimensional integral and the contour integral then can be applied as follows
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where the fourth-order tensor components U, and V', are given in the Appendix. The
above contour integral for either a square or a circle is constant and given by eqns (A9)
and (A10) in the Appendix.

(2) Outside the prismatic cylinder, Vi — V¥ quure
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where the area A, is the projection of the volume V, in the xj—x; plane;
A= (x) <x; < x{,xh <x,<x4)eA,. where the area A_ is the projection of V.,
A, =A+A,+ A +-+A, shown in Fig. 3; and x|, x{; x4, x4 are the limits of sub-
domain A, in x,, x, directions, respectively.
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Fig. 1. A composite with layered structure [a,( x 10%) Pa], E/E,, = 3,v,=v,, = 0.3, V,=0.1.
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Fig. 2. Stress a,,( x 10* Pa) over a composite with layered structure.

Using a symbolic manipulation software, a closed form integration in eqn (9) can be
obtained when the local strain s,,,(x], x3) is represented as a quadratic polynomial in eqn
(3). The limit value as 6 - 0 in eqn (6) can then be obtained in closed form (see the
Appendix).

For r(x%, x3,x5)¢ V, or (x],x3)¢ A,, there are no singularities and the closed form
evaluation in eqn (9) also applies.

Equations (7)—(9) can be added together to obtain the expression for the integral within
a subdomain. For a RVE with multiple subdomains there will be, in addition to equations
(7)-(9), contributions from subdomains 1 to p, and we obtain the integral expression
covering the whole RVE,

_xz A
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Fig. 3. The computation model of a quarter RVE.
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y 7 // //4/’ /
Reference Material Matrix Material Fiber Material
Fig. 4. The 2-D geometry of a periodic composite with square fibers.
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Equation (10) is now known in closed form and covers the RVE. To solve for the strain
one must deal with integration over the infinite body via the two-dimensional version of
eqn (1). Here, we develop the two-dimensional version of eqn (1) for a periodic structure
only. The results for other cases could be developed in an obvious manner. In numerical
computation for the periodic structures or other cases, practical considerations require that
the integration be treated in an average sense beyond some distance from the point of
interest. Based on convergence studies for the periodic structures studied here and elsewhere
by Walker et al. (1989, 1990a, b, 1993), we find that explicit computations with the first
nearest neighbors is adequate and generally is within 1% of calculations involving more
distant neighbors. We note that for all subdomains outside of the RVE of interest the
integration yields only the last term in eqn (10) for each subdomain because they contain
no singularities. The second term in eqn (1) becomes the average of all the terms from egn
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(10) plus the summation terms from the neighboring RVEs with p subdomains, such that
the second term of eqn (1) is as follows:

J.[ U:_’/‘k[(xal( _x/l 2 x02( - x;)écklmn(xll s x;)gmn(xll > x/Z) dA(x,l s X/z)

= JJ\ U.{'/'k/(xs]( - x/I s xoll - xé)écklmn(x/l ’ le)gmn(x,l s x’Z) dA((x/I ’ x;.)

¢

+o T+
+ Z z ’ JJ\ Uijkl(xol( - x/l - 2m111 ’ XGZ( —X/Z - 2m:’.12)5cklmn(xll s xll)gmn(x/l ’ x/Z) dA('(x/l s x/Z)’
my=0m,=0

A

(1)

where the primed sum in the second term on the r.h.s. in eqn (11) denotes the summation
in which the term with both #, = 0 and m, = 0 is deleted, where m, and m, are the numbers
of the nearby periodic RVEs and /; and /; are the dimensions of a quarter RVE.

The final expression of the integral equation [eqn (1)} in two-dimensional form is

gij(xol(a xozc) = 82 - Uijk[(xolt - X/| ] XOZZ _xf’l)b‘Ck{mn(xll ) )('/2)8,,,,,()(/1 ’ xi’.) dA(XII ’ XIZ)

A(x).x5)

1 -
i H 44, (v x) H O — X} 33 = XD Coagmn(6h X3V, ) dACE, 1), (12)

405525 AGTx)

Equation (12) is evaluated by utilizing eqns (10) and (11) and the results in the Appendix.

4. LOCAL FIELD DETERMINATION

The local strain field is described in terms of unknown coefficients n,—#;. However, it
is more convenient to solve for unknown strains at chosen collocation points because the
collocation point strains have an easily understood physical meaning. The sets of unknown
strains are equivalent and easily interchangeable with the coefficients #5—n, via eqn (3).
The nine collocation source points, ,—f, were chosen to be evenly distributed over each
subdomain for the quadratic polynomial approach as shown in Fig. (3). In introducing
these unknowns the integrals are expressed in terms of weights W which can be found from
the closed form integration given in eqn (12). The initial expression is

J‘J Uijkl(xolt - x/] » x?‘? - xlz)écklmn(x/l ’ x’Z)gmn(x/I s X ,2) dA('(xll » xl?.)

ﬁ:/fq
= Y Wi ch,= Wil + Wihiels 4+ -+ Wilhele (13)
=5

where the weights W;j-/,i},,, W‘;ﬁf,,, A W‘,’j{‘n% are fourth-order tensor components corresponding
to strain tensor g1, ..., &%

Equation (13) must be equal to the L.h.s. of eqn (11) and so from the closed form
integration of eqn (11) we can obtain the weights. To do this we equate eqn (13) with eqn
(11) for each type of term in eqn (3) one at a time beginning with the constant term, yielding
the following equations from which we can find the weights,
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jJ‘ Uijkl(xa][ - x,la x% 7~)C/2)6Cklmn(xll E Xlz) : ] dA(x/l s Xé) = W:jﬁ,',, : 1 + u/;g}n - 1 +ot W;’ﬁ?n : la

JJUW(XI X7, X5 = X5)0Cpp( X', X5) * X5 dA(X], X5) = %gnnx’(ﬂ )+ .,mn’fz(ﬁ)

RN W?;ﬁ;’,,.x'lg(ﬁ‘))’

j“[Uiikl(xT_x/l9x§_x/2)5ck/mn(xllax’Z).xllx/‘.Z)A(x,hx,Z) - W;ﬁmx (ﬁl)x,Z(ﬂl)

+ Wil xH(B)x3(B) +- - -+ Wilax i(Ba)x'3(By). - (14)

In eqn (14) the Lh.s. integrals are known and the weights can be found by inverting the
matrix. Equation (12) then becomes:

87, = 8?/— Z I’Vf,k/ﬁu‘f‘ V Z f I’V,,kf?kz, (15)

_1/{ 1

where a, § and y, ranging from | to M, are the ath, ith and yth collocation points and 7 is
the volume fraction factor of the yth subdomain. The number of the total collocation points
in the RVE is equal to 9p for the quadratic polynomial.

Rearranging eqn (15), we obtain the following set of linear algebraic equations:

M
Z Ba“g“ (02‘, for o = ], 2, e M, where /I"/ = 51[11,//\/"" W?;k[ Z fﬂlv W?}"/ﬁb (16)
p=1 =1

with
z)k/ - (61k5}1+ 5115;1()

Equation (16) can be further written in matrix form to form a set of linear equations with
9% unknown collocation point strains which can be readily solved by standard methods.
Each matrix element af of the matrix B consists of a 6 x 6 submatrix, in the form:

[B1{e'} = {e"), (7

-BY BY B BY B B
BY, BY BYL By BY BY,
By, BY, B, B By, B
B B Bl BY B B
B BL BY BY, BY% BY
LBy BY BY BY BY B

(8] = (18)

By solving this group of linear algebraic equations, we then obtain the local strain field &.



Subdomain method for finding local stress fields in composites 5197

Fig. 5. Local stress a,, by a quadratic polynomial approach, E/E,, =3, v, =v, =03, V, = 0.25,
fiber region: 0 < x, < 0.5,0 < x, < 0.5.

5. EXAMPLE STUDIES

To test the accuracy of the method we apply this method to a layered composite
structure for which the stresses should be exactly constant. Figure (1) shows the model,
while the calculated stress field by a quadratic polynomial approach is shown in Fig. 2.
Stresses are constant up to three digits showing good accuracy. From the calculation, the
results are already convergent when first and second nearest neighbors were included.

We next apply this method to a periodic composite with rectangular fibers under
uniaxial tension, Fig. 4, in which each phase is isotropic and homogeneous, with material
properties given by E/E, = 3, v,=v,, = 0.3. Due to the geometry and loading symmetry,
we need to solve only a quarter RVE.

A quarter RVE of the composite is represented by Fig. 3 where four subvolumes and
36 collocation points are used for the case of the quadratic polynomial. Figures 5-7 show
the resultant local pull direction stress for solutions with the full quadratic polynomial, a
linear polynomial, and subvolumes with only constant terms for a fiber volume fraction of
0.25 and the fiber region, 0 < x; < 0.5, 0 < x; < 0.5, as indicated by the dashed line. The
case with constant terms had a number of subvolumes such that the total number of
unknowns was the same as thatin Fig. 5. It is readily apparent that the quadratic polynomial
results in Fig. 5 are superior to the results from using the constant strain subvolumes.

The governing equation, eqn (12), if solved exactly, will yield results independent of
the reference modulus. Figures 8 and 9 show that volume averaged quantities, strain energy
and effective transverse modulus are virtually unaffected by the reference modulus chosen,
and also vary by only 1% as the order of the polynomial changes.

Figure 10 shows the effective transverse modulus vs fiber volume fraction for the three
different polynomial representations. It should be noted that there were 36 subvolumes for
the constant polynomial, nine subvolumes for the linear polynomial and four subvolumes
for the quadratic polynomial used in Fig. 10 such that the size of the matrix equation to be
solved is the same for each case. For these polynomials the computed transverse moduli
are within 1% of each other. A model with only four subvolumes and a single constant
term representation of the strain was run and the effective transverse moduli vs fiber volume
fraction were still within 2% of the moduli found using four subvolumes and quadratic
polynomials. Thus, excellent volume averaged properties can be obtained from the simple
models even at high volume fractions and in this case using only 4 CPU s. All cases are in
reasonable agreement with Christensen’s results for circular fibers. We note that the square
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Fig. 6. Local stress a,, by a linear polynomial approach, E,/E, = 3, v,= v, = 0.3, V, = 0.25, fiber
region: 0 < x; < 0.5,0 < x, < 0.5.

Fig. 7. Local stress a,, by a constant polynomial approach, £/E, =3, v,=v, =03, V,=0.25,
fiber region: 0 < x; < 0.5, 0 < x, < 0.5,

fiber results presented in Fig. 10 are below the rule of mixtures, an upper bound, and above
Christensen’s results.

6. CONCLUSION

An efficient method was developed to determine the local elastic field and the overall
elastic behavior of a heterogeneous medium based on the singular integral equation
approach via a Green’s function technique. Based on our previous work on subvolume
techniques, the solution can be obtained by a contour integral and the Eshelby tensor. The
singular integral can then be evaluated in closed form for assumed polynomial strain
distributions with terms up to quadratic in the position coordinates on a rectangular
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Fig. 8. Volume average strain energy vs reference modulus.
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Fig. 9. Effective transverse modulus vs reference modulus.

subdomain. This closed form integration allowed the development of a higher order sub-
volume technique than the previous techniques which were based on assumed constant
strain within the subvolume. The technique is used to solve a problem of a rectangularly
packed composite with square fibers. It takes less than 90 CPU s on a Sun workstation for
the numerical solution. The results are reasonable when compared to previous results.
Volume average quantities vary by less than 1% with the choice of the reference modulus.
The comparison of results using low order and high order polynomials shows that the
simplest four-subvolume constant polynomial approximation yields excellent volume aver-
age quantities. The local stresses using different order polynomials are significantly different
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Fig. 10. Effective transverse modulus vs fiber volume fraction.

and improved with the higher order method when compared to the lower order methods
using the same number degrees of freedom.
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APPENDIX
1. Gu(r,—r)

The Green's function components in eqn (2) for the isotropic reference material with constants 2" and 4° are
as follows

, 1 P~ A4+ p A,
Gur,—1) = —<6jk ox 0x. .0 ) (AD
87:/4” Xq 0X, A +2/10 7 OX
in which [r,—r'| = /X*+ Y?+ Z%, where X = x{— x|, ¥ = x3 — x5, Z = x{ —x\.
2. Uiikl(xa][ — X}, X5 —X5)
From eqns (4) and (A1), we have U (x} —x}, x3 —x5) = (227, Uyfr,—r)dx; and
, 1 #*r,—r| &lr,—r'| 20°+p" -1
Updr,—¥) = — k3 A AT A it AT - . (A2)
167p 0x;0x,0x,0x, 0x, 0x,0x,8x, 4o +2u Ox,0x,0x, 0x,

For example :

Uin(x}—xi, x5 —x3) = — (0T =X, X3 =) + 2y 2007 — X, X5~ x5))

167u°
A()"‘ 0
L XK x), (A
16mu(A° +2u%)

where

S

AR
Lpd X5 — X1, X5 - x3) = J
v

2 jal A
(= o, 0% 0,0, 8,

dx’. (Ad)

From eqns (A1)—~(A3), it can be shown that

20X+ 6X2Y:-3Y*
(X, Y) =_;’—'—h),
X+ ry

23X —-6X'Y —Y!
bon(X, Y) = —————— )

(X2+ YZ)}
22X —6XY?+ ¥
LiaX, 1) = *——,_‘(_)- (A5)
(X4 Y7y
3. Vipdxi—x7, x5 —Xx5)
From eqn (11), we have the following relationship

OV dxt — x7, X5 — x5 -
Vil X057 _ g i — v, (A6)

ox)

Similar to the relationship between r,,, and U, in eqn (A3), the following is evident :

Vin(xi—x1, xi—x%) = — (@111 (T — X1, X3 = X3+ ¢y 220 — X7, X3 — %))

167u°
A(P+#() ; , ,
+"(Tﬁq“n(xl_xlsx§‘“xz)), (A7)
16mu’ (4" +2u")
where

, , —2X(X*+3Y?
G (X —x, x5 —x3) = jtllll(é'sxaﬁ‘xé)d“' = ‘_'%**)

(X4 1%)?

, , 2X(3X° 412
Gra2(XT — X7, X5 —X3) = I’zzzz(&)‘;*x(z)‘i? = _(b_wﬁ)w
(X2 +1%)?
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, , - 2X(—X*+7?)
gri22(x] — X1, x5 —x3) = Itllzz(ss x3—x3)ds = L (A8)
X2+ YY)
and:
§ g (X7 —x7, x5 —x3) dx} = 4(1 —n),
cyquar(
E£ Gr222(XT — X7, x5 - x5) dxh = 4(1 —m),
Csuuuru
§ gri22{X7 —x), X3 —x2)dx; = —4, (A9)
Coguare
fﬁ g (x) —x}, x5 —x3)dxh = —3m,
C»Wc\c
§ 2222} — X7, X3 —x5)dxy = — 37,
Ccvulr
SE giin(x§— x5, x5 —x5)dxh = —m. (A1)

C,

aele

Combining eqns (A7)-(A10), we find that §CW:C
4. ”5 [ U= 1O Crn(T e (x7) AV(r)

As an example, here we show the procedure for the quadratic term. Two cases, i.e., the subdomain with and
without the singularity, need to be considered.

Vid X7 — X7, x3 — x3) dx5 are constants.

circle

(1) Subdomain with singularity : (x{, x3) ¢ A,

From eqns (3) and (5), and the relationships between Uy, and 1, the integration with respect to Uy,x'7- x5 can
be reduced to that with respect to ¢4, and X" Y", m = 0, 1, 2. The following, for example, gives the results for ¢,,,,
and X?Y?:

<[ X+ 6XPYE—-3Y?
j J tnn(X,Y)'XzdeXdY=J J AXHOXT 23D yeyraxay

o Ja . X+
= da’atan( S\~ datatan (S | —4b*atan (S )+ 4b%atan (2
a a b b
2ac® 2ad’® 2bc? 2bd®
— + —4d’c+4d’d+2ac? —2ad® + ——— + ————4b c—4b3d—2bc* + 2bd?, (All)

a2+c2 a2+d2 b2+6‘2 b2+d2
where, A,: x} < x| < x4, x5 < x5 < x4, can be rewritten as a < x| —x% < b, c <x3—x% <d and a = ¥\, — %,
b=xi—x%;c=xb—x% d=x3—x3.
(2) Subdomain with the singularity : (x7, x3)e A,

The singularity part is discussed in the above and Section 2 and it is found to be a constant over a small square
domain. Now we show how to evaluate the integration in the remaining subdomain A, — A, and obtain its limit
value as A, — 0.

From eqn (12) we have the following:

”‘j Uipdr =18 Copnr)Enn () AV

VY —
g v S Y _
= (I +f )(j +J >U.,k/(XT—x’x,xé—X'z)ﬁcunm(x'uXE)Smn(-Y],»XE)dx'x dxy. (Al2)
+6 / A

« square
!
¥ < Xy X+8

Now the integration domain, A, — A ... is as follows:
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() —xf, xy—x3) e {<(a. b), (¢, d) > — (=6, 8),(—8,8))}. (A13)

Similarly, we again use ¢,;;, and X*¥* as the example and the integration is reduced to the following

d b P S 2y2 2y —5 -5 (b 2y2
R e Lt
cda Joslos (X*+ 1% c 5/ \Ja s X+ v

5 s —E b (M [=5 (d (b 2y2 Ay
=(f f +J J+” +”)2(X4+6XY2 M pyaxar. @
¢ du e oo Jalda 5 Js (X2 +1%?

Letting A, — 0, i.e. § - 0, we have the following:

. 2 3 2 2 2
~X?Y?dXdY = 4a4atan(£>—w.

a a*+c?

; 5 [I(XP 46X Y —3 YY)
Mo |, (X2 4 ¥?)

[l'm(s OJJJ_dW‘XZYZdXdY ZEM ~4a“atan(é>
3 Ja X+ 7% & +d’ a)’

=S P AX+6XPY-3Y 3
limaﬂo[ J—(—-'_————)'XzdeXde ~4b4atan<3)+ 2bd +4b’c—2b¢%,

NG S O% b} pie
i d ) X4 6X2y2_3y4 5
limMJ '[ A HXT =), oy dxdy = abtatan (g)_ 2 sy a2k, (A15)
s)s (XYY b) v ia

For the other terms, the same technique applies.



